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1. Introduction 
It is well known that surface plasmons polaritons (SPPs) existing at interfaces between 
metals and dielectrics are coherent collective oscillation of free electrons (with coupled 
electromagnetic field) at the surface of metal. The unique properties of plasmons on 
nanoscale metallic systems have produced a number of dramatic effects and interesting 
applications, such as molecule detection with surface-enhanced Raman scattering[1-3], 
biosensing[4, 5], waveguiding[6-8], enhanced interactions[9, 10] and switching devices below 
the diffraction limit[11, 12]. Plasmonic nanowires have been attracting a lot of attention as 
SPP waveguides, analogy to optical fiber waveguides but within a hundred nanometers 
scale cross section, which breaks diffraction limit. The strong confinement and small mode 
volume of plasmonic wires facilitate the strong coupling between quantum emitters and 
nanowire[13, 14], the low Q factor Fabry-Pérot resonator[15] and nanowire-wire based 
plasmonic devices and chips[11, 16-18]. The properties of keeping quantum information like 
entanglement of plasmonic waveguides[19-22] now have the potential applications in 
quantum information and fundamental researches.  
Surface plasmons are quantized electric charge density waves, while usually a lot of the 
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phenomenon can be illustrated with classical Maxwell equations in this boosting area in 
the past twenty years[23]. In the meantime, quantum theory descriptions were also 
developed to explain the phenomenon such as non-locality[24], tunneling[25, 26], hot 
electrons[27-29] and so on[30]. Especially quantization of surface plasmons for common 
systems like plane metal interface[31] and nanoparticle[32] has been developed to deal with 
the interactions between the plasmons and the surrounding molecules[33-35], which is, in a 
lot of conditions, beyond the Maxwell’s theory. Now quantum plasmonics has been a rapid 
growing field that involves the study of the quantum properties of SPs and its interaction 
with mater at the nanoscale[36].  
The quantization process was usually performed by quantizing the electric field or 
considering the hydrodynamics meantime. Using Hopfield’s approach[37], Elson and 
Ritchie reported the quantization scheme for SPPs on a metallic surface considering the 
hydrodynamics[38]. Archambault et al. reported the quantization scheme of surface wave 
on a plane interface without any specific model of the dielectric constant[39]. Huttner and 
Barnett introduced a new quantization method by extending Hopfield’s approach to 
polaritons in dispersive and lossy media[40]. In Archambault’s works, they redid the 
quantization of the plasmons on plane interface in modern fashion for explaining the 
spontaneous and stimulated emission of SPPs[39]. Waks have re-quantized plasmons on 
nanoparticles under quasi-static approximation for describing the coupling of a dipole and 
a particle.  And in Boardman’s work the SPPs in different typical coordinates in common 
way with Bloch hydrodynamical model[41]. However, quantization of SPPs on cylindrical 
nanowires needs more investigation to illustrate more details and phenomenon.  
  In this paper, a quantization scheme of SPPs on a cylindrical nanowire waveguide is 
introduced. The canonical quantization method is used, which is to identify the generalized 
coordinates and conjugate momenta. After getting the expressions in Fock states, the 
orbital and spin angular momentum are deduced. With the results one will find that the 
modes on the nanowire waveguide carry both orbital and spin angular momentum which 
is consistent with the classic theory result from Picardi[42]. Following that the formula are 
applied to describe the SPPs on nanowire in the waveguide which shows good agreement. 
With the properties, SPPs on nanowires can easily carry quantum information and keep the 
entangle properties of incident light [21, 43-45]. The results will be very helpful in the quantum 
information research and light-matter interactions.  
 
2. Quantization description of surface waves 
Let us consider SPPs propagating on the interface of cylindrical metal nanowire (ߝଶ ൌ 1 െ
ఠ೛మ
ఠమ, the imaginary part is ignored because in the resonance range, the dissipation is small, 
which is also for avoiding the non-orthogonality of the expending bases.) along z axis with 
radius R in homogeneous lossless dielectric medium (ߝଵ ൐ 0). The electric and magnetic 
fields satisfy 
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 ׏ଶ ቄࡱࡴቅ െ ߤߝ
డమ
డ௧మ ቄ
ࡱ
ࡴቅ ൌ 0 (1) 
The solutions of ࡱ and	ࡴ in cylindrical coordinates can be deduced in standard steps 
(Appendix A)[14]. 
To simplify the process in the following, the electromagnetic scalar and vector 
potentials ∅ and ۯ working in Coulomb gauge (∅ ൌ 0, ׏ ∙ ۯ ൌ 0) are introduced here. 
With 	۳ሺܚ, tሻ ൌ െ ଵ௖
డ࡭ሺ࢘,௧ሻ
డ௧  and ۶ሺܚ, tሻ ൌ
ଵ
ఓబ સ ൈ ۯሺܚ, tሻ , the vector potential ۯሺܚ, tሻ 
expansion over modes in a volume ܸ	can be expressed as  
 ࡭ሺ࢘, ݐሻ ൌ ଵ√௏ ∑ ࡭௞,௠ሺݐሻ݁௜࢑∙࢘௞,௠  (2) 
࡭௞,௠ሺݐሻ݁௜࢑∙࢘ ൌ
െ ௜ఠ
ە
ۖۖ
۔
ۖۖ
ۓ൤ ௜௠௞ೕ,೘ఘ ௝ܽ,௠ܨ௝,௠൫ ௝݇,௠ୄߩ൯ ൅
௜௞∥,೘௞ೕ,೘఼
௞ೕ,೘మ ௝ܾ,௠
ܨ௝,௠ᇱ ൫ ௝݇,௠ୄߩ൯൨ ߩො
൅
൅ ൤െ ௞ೕ఼௞ೕ ௝ܽ,௠ܨ௝,௠
ᇱ ൫ ௝݇,௠ୄߩ൯ െ ௠௞∥௞ೕమఘ ௝ܾ,௠ܨ௝,௠൫ ௝݇,௠ୄߩ൯൨ ∅෡
൅ ௞ೕ,೘఼
మ
௞ೕ,೘మ ௝ܾ,௠
ܨ௝,௠൫ ௝݇,௠ୄߩ൯̂ݖ ۙ
ۖۖ
ۘ
ۖۖ
ۗ
݁௜൫௠∅ା௞∥,೘௭൯݁ି௜ఠ௧  
 
 ൌ ࡭௞,௠ሺݐሻ݁௜࢑∥,೘∙࢘ ൌ ࡭௞,௠ሺݐሻ݁௜࢑೘∙࢘  (3) 
 
Fig. 1. Schematic illustration of SPPs propagate on plasmonic cylindrical waveguide, 
࢑௠ ≡ ࢑∥,௠ ൌ 0 ∙ ߩො ൅ ݉݇∅∅෡ ൅ ݇௭,௠̂ݖ.  
 
where ௝݇,௠ୄ ൌ ට ௝݇ଶ െ ݇∥,௠ଶ , ࢑௠ ≡ ࢑∥,௠ is defined just for simple, the phase factor 
݁௜࢑೘∙࢘ ൌ ݁௜൫௠∅ା௞∥,೘௭൯ shows that the surface waves have both components on ݖ and ∅ 
directions (Fig. 1). ࢑௠ ൌ 0 ∙ ߩො ൅ ݉݇∅∅෡ ൅ ݇௭,௠̂ݖ, ࢘ ൌ ߩߩො ൅ ∅ߩ∅෡ ൅ ݖ̂ݖ. Here ݇∅ ൌ 1/ߩ 
and ݎ∅ ൌ ∅ߩ are set to keep the dimensional consistency The subscript  ݆ ൌ
1, 2	represents the region outside and inside of the cylinder nanowire boundary 
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characterized by different dielectric function. ݉ is the azimuthal quantum number. The 
functions 	ܨଵ,௠ሺݔሻ ൌ ܪ௠ሺݔሻ and ܨଶ,௠ሺݔሻ ൌ ܬ௠ሺݔሻ are Hankel and Bessel functions. 
௝ܽ,௠	 and ௝ܾ,௠ are arbitrary coefficients, which can be fixed by imposing boundary 
conditions of interface between the wire and surrounding dielectric. ࡭௞,௠ሺݐሻ is time-
dependent amplitude and can be written as ۯ࢑,࢓	݁ି௜ఠ௧. Because each mode in the 
waveguide can be represent by order m, in the following we use ݉ to replace ݇௠ and 
࡭௠ to replace ۯ࢑,࢓ for the modes subscript. Due to the normalization condition 
 ׬݀ଷݎ	݁௜࢑೘∙࢘݁ି௜࢑೘ᇲ∙࢘ ൌ ܸߜ௠࢓ᇲ (4) 
and the orthogonal of Bessel function, different modes are orthogonal. The amplitudes ۯ࢓ 
are complex. Complex conjugate item is added to make the field be real: 
 ࡭ሺ࢘, ݐሻ ൌ ଵଶ√௏ ∑ ൣ࡭௠ሺݐሻ݁௜࢑೘∙࢘ ൅ ܿ. ܿ. ൧௞,௠  (5) 
The canonical momentum ࢖ሺ࢘, ݐሻ ൌ ଵସగ௖మ ࡭ሶ  satisfies the commutation relation [46] 
 ሾ࡭௠ሺܚ, tሻ, ࢖௠ᇱሺ࢘ᇱ, ݐሻሿ ൌ ݅԰ߜ௠,௠ᇱߜሺ࢘ െ ࢘ᇱሻ (6) 
Now define the cannonical coordinates and momentum as 
 ࡽ௠ ൌ ට ଵସగ௖మ （࡭௠ ൅ ࡭௠∗） (7) 
 ࡼ௠ ൌ െ ୧ன√ସగ௖మ （࡭௠ െ ࡭௠∗） (8) 
which makes 
 ࡭ሺ࢘, ݐሻ ൌ √ସగ௖మଶ√௏ ∑ ሾࡽ௠ܿ݋ݏ࢑ ∙ ࢘ െ
ଵ
ఠ೘ ࡼ௠ݏ݅݊࢑ ∙ ࢘ሿ௠  (9) 
 ࡱሺ࢘, ݐሻ ൌ െ ଵ௖
డ࡭ሺ࢘,௧ሻ
డ௧ ൌ െ
√ସగ
ଶ√௏ ∑ ߱௠ሾࡽ௠ݏ݅݊࢑ ∙ ࢘ ൅
ଵ
ఠ೘ ࡼ௠ܿ݋ݏ࢑ ∙ ࢘ሿ௠  (10) 
 ࡮ሺ࢘, ݐሻ ൌ સ ൈ ۯሺܚ, tሻ ൌ െ√ସగ௖మଶ√௏ ∑ ࢑௠ ൈ ሾࡽ௠ݏ݅݊࢑ ∙ ࢘ ൅
ଵ
ఠ೘ ࡼ௠ܿ݋ݏ࢑ ∙ ࢘ሿ௠  (11) 
    Integrating the square of electric and magnetic field over the volume V and using 
orthogonality relation, the total Hamiltonican is  
 H ൌ ଵ଼గ ׬݀ଷݎ ሺ|ࡱ|ଶ ൅ |࡮|ଶሻ ൌ
ଵ
ଶ∑ ሺࡼ௠૛ ൅ ࣓௠૛ ࡽ௠ଶ ሻ௠  (12) 
Take the commutators for the canonical coordinates and canonical momentum 
(which can be also got from equ. (6)) as 
 	ሾࡽ௠, ࡼ௠ሿ ൌ ݅԰ (13) 
Now introduce the creation and annihilation operators 
 ࢇ௠ ൌ ଵ√ଶ԰ఠ ሺ߱௠ࡽ௠ ൅ ݅ࡼ௠ሻ  (14) 
 ࢇ௠ற ൌ ଵ√ଶ԰ఠ ሺ߱௠ࡽ௠ െ ݅ࡼ௠ሻ  (15) 
Based on the definitions, we have 
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ൣࢇ௠, ࢇ௠ற ൧ ൌ 12԰߱௠ ሾ߱௠ࡽ௠ ൅ ݅ࡼ௠	, ߱௠ࡽ௠ െ ݅ࡼ௠ሿ 
 ൌ ଵଶ԰ఠ೘ ሺെ݅߱௠ሾࡽ௠, ࡼ௠ሿ ൅ ݅߱௠ሾࡼ௠,ࡽ௠ሿሻ ൌ 1 (16) 
Considering the positive and negative wave vector sums, the quantized vector potential, 
electromagnetic fields and Hamiltonian are 
 ࡭ሺ࢘, ݐሻ ൌ ටଶగ௖మ԰௏ ∑
ଵ
ඥఠ೘ ሾࢇ௠݁
௜࢑೘∙࢘ ൅ ࢇ௠ற ݁ି௜࢑೘∙࢘ሿ௠  (17) 
 ࡱሺ࢘, ݐሻ ൌ ݅ √ଶగ԰√௏ ∑ ඥ߱௠ሾࢇ௠݁௜࢑೘∙࢘ െ ࢇ௠
ற ݁ି௜࢑೘∙࢘ሿ௠  (18) 
 ࡮ሺ࢘, ݐሻ ൌ ݅ටଶగ௖మ԰௏ ∑
ଵ
ඥఠ೘ ࢑௠ ൈ ሾࢇ௠݁
௜࢑೘∙࢘ െ ࢇ௠ற ݁ି௜࢑೘∙࢘ሿ௠  (19) 
 H ൌ ∑ H௠௠ ൌ ∑ ԰߱௠൫ࢇ௠ற ࢇ௠ ൅ 1 2⁄ ൯௠ ൌ ∑ ԰߱௠ሺ݊௠ ൅ 1 2⁄ ሻ௠  (20) 
with ݊௠ ൌ ࢇ௠ற ࢇ௠ is the number operator. And the evolution obeys 
 ݅԰	ࢇሶ ௠ ൌ ሾࢇ௠, Hሿ  (21) 
 ݅԰	ࢇሶ ௠ற ൌ ሾࢇ௠ற , Hሿ  (22) 
 
3. Polarization and Angular momentum  
We set ߳ఘ̂ ൌ ሺ1, 0, 0	ሻ, ߳∅̂ ൌ ሺ0, 1, 0	ሻ, ߳௭̂ ൌ ሺ0, 0, 1	ሻ. Because ࡭ሺ࢘, ݐሻ is a vector which 
can be expressed as ࡭ሺ࢘, ݐሻ ൌ ∑ ߳ఈ̂࡭ఈሺ࢘, ݐሻఈ , the creation and annihilation operators can 
be expressed correspondingly as ࢇ௠ ൌ ∑ ߳ఈ̂ࢇ௠,ఈሺ࢘, ݐሻఈ  ࢇ௠ற ൌ ∑ ߳ఈ̂றࢇ௠,ఈற ሺ࢘, ݐሻఈ and we 
have 
 ࡭ሺ࢘, ݐሻ ൌ ටଶగ௖మ԰௏ ∑
ଵ
ඥఠ೘ ሾ߳ఈ̂ࢇ௠,ఈ݁
௜࢑೘∙࢘ ൅ ߳ఈ̂றࢇ௠,ఈற ݁ି௜࢑೘∙࢘ሿ௠,ఈ  (23) 
 ࡱሺ࢘, ݐሻ ൌ ݅ටଶగ԰௏ ∑ ඥ߱௠ሾ߳ఈ̂ࢇ௠,ఈ݁௜࢑೘∙࢘ െ ߳ఈ̂றࢇ௠,ఈற ݁ି௜࢑೘∙࢘ሿ௠,ఈ  (24) 
 ࡮ሺ࢘, ݐሻ ൌ ݅ටଶగ԰௏ ∑
௖࢑೘ൈ
ඥఠ೘ ሾ߳ఈ̂ࢇ௠,ఈ݁
௜࢑೘∙࢘ െ ߳ఈ̂றࢇ௠,ఈற ݁ି௜࢑೘∙࢘ሿ௠,ఈ  (25) 
And momentum  
࢖ ൌ ׬݀ଷݎ ࡱൈ࡮ସగ௖ ൌ
௜మ
ସగ௖
௛௖
௏ ∑ ∑ ሾ߳ఈ̂ ൈ ሺ࢑′ ൈ ߳ఈ̂ᇱሻሿ ൈ ׬݀ଷݎሺࢇ௠,ఈ݁௜࢑࢓∙࢘ െ௠ᇱ,ఈᇱ௠,ఈ
ࢇ௠,ఈற ݁ି௜࢑࢓∙࢘ሻሺࢇ௠ᇱ,ఈᇱ݁௜࢑೘ᇲ∙࢘ െ ࢇ௠ᇱ,ఈᇱற ݁ି௜࢑೘ᇲ∙࢘ሻ ൌ ௛ସగ ∑ ࢑௠ሾࢇ௠,ఈࢇ௠,ఈற ൅ ࢇ௠,ఈற ࢇ௠,ఈሿ௠,ఈ ൌ
∑ ԰࢑௠݊௠௠  (26) 
The zero point term 1/2 is cancelled by the term of ൅࢑௠ and –࢑௠.  
With the above results we will discuss the quantized field properties in the nanowire, such 
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as spin and orbital angular momentum (SAM/OAM) and polarization. It has been known 
that the optical angular momentum is 
 ࡶ ൌ ଵସగ௖ ׬ ݀ଷ࢘	࢘ ൈ ሺࡱ ൈ ࡮ሻ ൌ
ଵ
ସగ௖ ׬ ݀ଷ࢘ሾܧఈሺ࢘ ൈ ࢺሻܣఈ ൅ ࡱ ൈ ࡭ሿ (27) 
The first term of the right hand is the orbit part and the second is the spin part. The orbital 
angular momentum density on the surface is (Appendix B): 
࢒ࢻ ൌ ሺ࢘ ൈ ࢺሻܣఈ|ఘୀோ ൌ෍	̂ݎఈ ∙ 		
ۉ
ۈۈ
ۈ
ۇ
െ ݖܴ
߲
߲∅ 	࣋ෝ
൬ݖ ߲߲ߩ െ ܴ
߲
߲ݖ൰∅෡
߲
߲∅ 	ࢠො ی
ۋۋ
ۋ
ۊ
ܣఈ
࢓
 
ൌ ݅ඨ2ߨܿ
ଶ԰
ܸ ෍
1
ඥ߱௠
̂ݎఈ ∙
௠
ܴ ∙ ൮
െ ݖܴ݉݇∅
െ݇௭,௠
݉݇∅
൲ ൣࢇ௠ఈ݁௜࢑∥,೘࢘ െ ࢇ௠ఈற ݁ି௜࢑∥,೘࢘൧ 
 ൌ ටଶగ௖మ԰௏ ∑
ଵ
ඥఠ೘ 	̂ݎఈ ∙ 	 ቌ
െ ௭ோ݉
െܴ݇௭,௠݉
ቍ ∙ ሾࢇ௠ఈ݁௜࢑∥,࢓࢘ െ ࢇ௠ఈற ݁ି௜࢑∥,࢓࢘ሿ࢓   (28) 
With the creation and annihilation operators, the orbital angular momentum is 
ࡸ ൌ ଵସగ௖ ׬ࢊ૜࢘ܧఈ݈ఈ ൌ
௜԰
ଶ௏ ∑
ఠ೘
ඥఠ೘ఠ೘ᇲ
ࣕොࢻ ∙ ࣕොࢻᇲ ׬ ݀ଷܴ࢘ ∗ ቌ
െ ௭ோ݉݇∅
െ݇௭,௠
݉݇∅
ቍ ൣࢇ௠ఈ݁௜࢑∥,೘࢘ െ௠,௠ᇲ,ఈ,ఈᇲ
ࢇ௠ఈற ݁ି௜࢑∥,೘࢘൧ൣࢇ௠ᇲఈᇲ݁௜࢑∥,೘ᇲ࢘ െ ࢇ௠ᇲఈᇲற ݁ି௜࢑∥,೘ᇲ࢘൧ 
 ൌ ௜԰ଶ ∑ ൭
0
െܴ݇௭,௠݉
൱ ൫ࢇ௠,ఈࢇ௠,ఈற ൅ ࢇ௠,ఈற ࢇ௠,ఈ൯௠,ఈ ൌ ∑ ݅԰࢒௠݊௠௠   (29) 
 ࢒௠ ൌ ൭
0
െܴ݇௭,௠݉
൱ (30) 
 ܮ௭ ൌ ࡸ∙࢑೥|࢑೥| ൌ ݅԰∑ ݉௠ ∗ ࢔௠ (31) 
where ݊௠,ఈ ≡ ࢇ௠,ఈற ࢇ௠,ఈ and ݊௠ ≡ ࢇ௠ற ࢇ௠.  
In the above expressions, one can rewrite the phase factor 
 ݁௜࢑∥,೘࢘ ൌ ݁௜࢑೘∙࢘ ൌ ݁௜ሺ௠∅ା௞೥௭ሻ ൌ ሾcosሺ݉∅ሻ ൅ ݅ݏ݅݊ሺ݉∅ሻሿ݁௜௞೥௭ (32) 
 ݁௜࢑∥,ష೘࢘ ൌ ݁௜࢑ష೘∙࢘ ൌ ݁௜ሺି௠∅ା௞೥௭ሻ ൌ ሾcosሺ݉∅ሻ െ ݅ݏ݅݊ሺ݉∅ሻሿ݁௜௞೥௭ (33) 
which shows that the field rotation is very similar to the circularly polarized light. Then if 
we absorb the phase factor ݁௜௠∅  into the creation and annihilation operator, we can 
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directly write  
 ࢇ௠݁௜࢑೘∙࢘ ൌ ∑ ߳ఈ̂ࢇ௠,ఈ݁௜࢑೘∙࢘ఈ ൌ ∑ ߣାఈ߳ఈ̂ࢇ௠,ఈ݁௜௞∥,೘∙࢘ఈ ൌ ࢇ௅,௠݁௜௞೥௭ (34) 
 ࢇି௠݁௜࢑ష೘∙࢘ ൌ ࢇோ,௠݁௜௞೥௭ (35) 
where ܮ and ܴ sign here referring the chirality without further explanation and we will 
see the physics meaning later. ࡭ି௠ሺݐሻ ൌ െ࡭௠ሺݐሻ, ࡭௠ሺݐሻ (m ൌ 0,േ1,േ2,…) compose 
over-complete bases and so as ࢇ௠. 
The spin angular momentum density is 
 ࢙ ൌ ࡱ ൈ ࡭ ൌ ௜԰ ሺܧఈሺࡿఈሻఉఊܣఈሻ  (36) 
 ሺࡿఈሻఉఊ ൌ െ࢏԰ࢿఈఉఊ (37) 
The operator ܵఈ  defined here satisfies the commutation relation (Appendix B), which 
shows that it is a spin operator: 
 ൣሺࡿ௜ሻ, ൫ࡿ௝൯൧ ൌ ݅԰ࢿ௜௝௞ሺࡿ௞ሻ  (38) 
Calculating റܵଶ , s ൌ 1  corresponding to spin-1 (SPPs are the quasi-particles) can be 
obtained: 
 ࡿሬറ૛ ൌ ሺࡿ௜ሻ௟௠ሺࡿ௜ሻ௠௡ ൌ ሺെ݅԰ሻ૛ሺߜ௟௡ߜ௠௡ െ ߜ௟௡ߜ௠௡ሻ  (39) 
 ሺࡿሬറ૛ሻ௟௡ ൌ ሺെ݅԰ሻ૛ሺߜ௟௡ െ 3ߜ௟௡ሻ ൌ 2԰ଶߜ௟௡  (40) 
 sሺs ൅ 1ሻ ൌ 2, s ൌ 1 (41) 
The total spin momentum is 
 ࡿ ൌ ଵସగ௖ ׬ࢊ૜࢘	ሺ࢙ሻ ൌ
ଵ
ସగ௖ ׬ࢊ૜࢘	ܧఈሺࡿሻఉఊܣఈ (42) 
ࡿ ൌ െ14ߨܿ
݄݅ܿ
ܸ ෍ ෍ ߝఈఉఊࣕොఈ ൈ ࣕොఈᇲ௠ᇲ௔ᇲ௠௔
නࢊ૜࢘ ሾࢇ௠,ఈ݁௜࢑೘∙࢘ 
 ൅ࢇ௠,ఈற ݁ି௜࢑೘ᇲ∙࢘ሿሾࢇ௠ᇱ,ఈᇱ݁௜࢑೘∙࢘ െ ࢇ௠ᇱ,ఈᇱற ݁ି௜࢑೘ᇲ∙࢘ሿ  (43) 
 ࡿ ൌ ௜௛ଶగ ∑ ߝఈఉఊࣕොఈ ൈ ࣕොఈᇲ௠ఈఈᇲ ሺࢇ௠,ఈࢇ௠,ఈᇱற െ ࢇ௠,ఈற ࢇ௠,ఈᇱሻ  (44) 
Because both ݉ ൌ ݉ and	݉ ൌ െ݉’ give the same results, so we put a factor 2 in the last 
step. Use ࣕොఈ ൈ ࣕොఉ ൌ ࢑෡ఊ (ߙ, ߚ, ߛ ൌ ߩ, ∅, ݖ), we get 
 ࡿ ൌ ∑ ݅԰࢑෡௠,ఈᇱᇱ௠ఈఈᇲ ሺࢇ௠,ఈࢇ௠,ఈᇱற െ ࢇ௠,ఈற ࢇ௠,ఈᇱሻ  (45) 
From the expression one can clearly see that the spin in one direction (like ∅ direction) is 
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yielded by the other two components (ߩ	ܽ݊݀	ݖ) of the field. It also agrees with that there 
is transverse spin (ࡿୄ ൌ ோ௘	࢑	ൈூ௠	࢑ோ௘	࢑૛ )[47] for surface waves which is represented by the 
elliptical trace of the field vector at local points.  
For plane waves, polarization is usually defined as ߳ଵ̂ ൌ ݔො and ߳ଶ̂ ൌ ݕො. Then circularly 
polarized light is expressed as ࣕො௅ ൌ ࣕොା ൌ ଵ√ଶ ሺݔො ൅ ݅ݕොሻ  and ࣕොோ ൌ ࣕොି ൌ
ଵ
√ଶ ሺݔො െ ݅ݕොሻ . 
Following this, here we define[48] 
 ࢙ොఈ,௅ ൌ ࢙ොఈ,ା ൌ ଵ√ଶ ൫ࣕොఉ ൅ ݅ࣕොఊ൯ (46) 
 ࢙ොఈ,ோ ൌ ࢙ොఈ,ି ൌ ଵ√ଶ ൫ࣕොఉ െ ݅ࣕොఊ൯ (47) 
Then  
ࣕොఉࢇ௠,ఉ ൅ ࣕොఊࢇ௠,ఊ ൌ 1√2 ൫࢙ොఈ,௅ ൅ ࢙ොఈ,ோ൯ࢇ௠,ఉ ൅
1
݅√2 ൫࢙ොఈ,௅ െ ࢙ොఈ,ோ൯ࢇ௠,ఊ 
 ൌ ଵ√ଶ ൫ࢇ௠,ఉ െ ݅ࢇ௠,ఊ൯࢙ොఈ,௅ ൅
ଵ
√ଶ ൫ࢇ௠,ఉ ൅ ݅ࢇ௠,ఊ൯࢙ොఈ,ோ (48) 
So we can define new circularly polarized operators 
 ࢇ௠,௅,ఈ ൌ ଵ√ଶ ൫ࢇ௠,ఉ െ ݅ࢇ௠,ఊ൯ (49) 
 ࢇ௠,ோ,ఈ ൌ ଵ√ଶ ൫ࢇ௠,ఉ ൅ ݅ࢇ௠,ఊ൯ (50) 
 ࢇ௠,௅,ఈற ൌ ଵ√ଶ ൫ࢇ௠,ఉ
ற െ ݅ࢇ௠,ఊற ൯ (51) 
 ࢇ௠,ோ,ఈற ൌ ଵ√ଶ ൫ࢇ௠,ఉ
ற ൅ ݅ࢇ௠,ఊற ൯ (52) 
With ൣࢇ௠,௅,ఈ, ࢇ௠,௅,ఈற ൧ ൌ 1 and ൣࢇ௠,ோ,ఈ, ࢇ௠,ோ,ఈற ൧ ൌ 1. One can get 
 ࢇ௠,ఉ ൌ ଵ√ଶ ൫ࢇ௠,௅,ఈ ൅ ࢇ௠,ோ,ఈ൯ (53) 
 ࢇ௠,ఊ ൌ ௜√ଶ ൫ࢇ௠,௅,ఈ െ ࢇ௠,ோ,ఈ൯ (54) 
 ࢇ௠,ఉற ൌ ଵ√ଶ ൫ࢇ௠,௅,ఈ
ற ൅ ࢇ௠,ோ,ఈற ൯ (55) 
 ࢇ௠,ఊற ൌ ି௜√ଶ ൫ࢇ௠,௅,ఈ
ற െ ࢇ௠,ோ,ఈற ൯ (56) 
Obviously  
 ∑ ࣕො௔௔ୀఈ,ఉ ࢇ௠,௔ ൌ ∑ ሺ࢙ොఊ,௅ࢇ௠,௅,ఊ ൅ ࢙ොఊ,ோࢇ௠,ோ,ఊሻఊ  (57) 
 ∑ ࣕො௔றࢇ௠,௔ற௔ୀఈ,ఉ ൌ ∑ ሺ࢙ොఊ,௅ற ࢇ௠,௅,ఊற ൅ ࢙ොఊ,ோற ࢇ௠,ோ,ఊற ሻఊ  (58) 
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Now the spin operator becomes  
ࡿ ൌ ∑ ԰࢑෡௠,ఈሺࢇ௠,௅,ఈற ࢇ௠,௅,ఈ െ ࢇ௠,ோ,ఈற ࢇ௠,ோ,ఈሻ௠ఈ ൌ ∑ ԰࢑෡௠,ఈሺ࢔௠,௅,ఈ െ ࢔௠,ோ,ఈሻ௠ఈ  (59) 
 መܵఈ ൌ ࡿ෡∙࢑ഀ|࢑ഀ| (60) 
Then the total angular momentum can be expressed as  
 ࡶ ൌ ࡸ ൅ ࡿ ൌ ∑ ݅԰࢑௠,ఈ࢔ෝ௠,ఈ௠,ఈ ൅ ∑ ԰࢑෡௠,ఈሺ࢔௠,௅,ఈ െ ࢔௠,ோ,ఈሻ௠,ఈ  (61) 
 
4. SPPs on silver nanowires as waveguides 
The nanowires performed as plasmonic waveguides are usually in homogeneous medium 
and excited with light perpendicular to the wire axis on one end[6]. The local symmetry at 
the terminus of wire is broken when the SPPs are excited, so the phase factor ݁௜௠∅ 
becomes cosሺ݉∅ሻ or sinሺ݉∅ሻ. For thin wires, the higher-order modes |݉| ൒ 2 are cut 
off[14]. And the retardation effects are significant, which will cause the excitation phase 
difference for |݉| ൌ 0  and |݉| ൌ 1 modes as shown in Fig. 2[49]. The three lowest 
modes are excited simultaneously and propagating in a fixed phase delay. When the wire 
is excited by a beam of light propagating along – ݕ direction with linear polarization in 
45° with wire axis, the polarization can be decomposed into ݔ	and ݖ directions. The ݖ 
component will excite ݉ ൌ 0 mode and ݉’ ൌ ൅1 mode (sinሺ݉∅ሻ) with	ߨ/2 phase 
difference. The ݔ component will excite ݉ ൌ ൅1 mode (cosሺ݉∅ሻ) with the same phase 
of ݉ ൌ 0 mode. So the potential vector can be expressed as (only consider the outside of 
boundary, the inside is similar). 
 
Fig. 2. Schematic illustration of the plasmonic cylindrical wire excited by light at one 
terminal for lower order modes. The light goes along – ݕ direction and the polarization 
is on 45°with ݖ axis which can be decomposed with ݔ and ݖ components.  
 
࡭࢒ୀ૚ሺ࢘, ݐሻ ൌ ࡭଴݁௜ሺ௞೥,బ௭ିఠ௧ሻ ൅ ࡭ାଵ cosሺ∅ሻ ݁௜൫௞೥,శభ௭ିఠ௧൯ ൅ ࡭ାଵ cos ቀ∅ െ
గ
ଶቁ ݁௜ቀ௞೥,శభ௭ିఠ௧ା
ഏ
మቁ ൌ ࡭଴݁௜ሺ௞೥,బ௭ିఠ௧ሻ ൅ ࡭ାଵ cosሺ∅ሻ ݁௜൫௞೥,శభ௭ିఠ௧൯ ൅ ݅ ∗
࡭ାଵ sinሺ∅ሻ ݁௜൫௞೥,శభ௭ିఠ௧൯ ൌ ࡭଴݁௜൫௞೥,బ௭ିఠ௧൯ ൅ ࡭ାଵ݁௜∅݁௜൫௞೥,శభ௭ିఠ௧൯ (62) 
It can be rewritten as 
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࡭௟ୀଵோ ሺ࢘, ݐሻ ൌ ࡭଴݁௜൫௞೥,బ௭ିఠ௧൯ ൅ ࡭ାଵ݁௜∅݁௜൫௞೥,శభ௭ିఠ௧൯ 
 ൌ ݁௜൫௞೥,బ௭ିఠ௧൯ሺ࡭଴ ൅ ࡭ାଵ݁௜ሺ∆௞௭ା∅ሻሻ  (63) 
where ∆݇ ൌ ݇௭,ାଵ െ ݇௭,଴, ∆݇̂ݖ ൅ ∅∅෡ ൌ ∆࢑࢓ ൌ ࢑࢓,ା૚ െ ࢑࢓,૙. When the wire is excited 
by a linear polarized light in െ45° can be expressed as 
࡭௟ୀଵ௅ ሺ࢘, ݐሻ ൌ ࡭଴݁௜൫௞೥,బ௭ିఠ௧൯ ൅ ࡭ିଵ݁ି௜∅݁௜൫௞೥,శభ௭ିఠ௧൯ 
 ൌ ݁௜൫௞೥,బ௭ିఠ௧൯ሺ࡭଴ ൅ ࡭ିଵ݁௜ሺ∆௞௭ି∅ሻሻ  (64) 
The factor ݁௜ሺ∆௞௭ା∅ሻ shows the spiral propagation of the SPPs clearly as reference [49] 
(shown as Fig. 3), where the coherent interference of SPP waves of ݉ ൌ ൅1 and ݉ᇱ ൌ
൅1  integrate a circularly-polarization-like wave ( cosሺ∅ሻ ൅ ݅ sinሺ∅ሻ ൌ ݁௜∅ ). The 
superposition with mode ݉ ൌ 0 will yield beat effect (݁௜∆௞௭), which stretch the circularly-
wave into a helical wave as the factor  ݁௜ሺ∆௞௭ା∅ሻ shown (Fig. 3a). The helical wave is 
very similar to the vortex wave with orbital angular momentum ݈ ൌ ൅1 (Fig. 3a and 3b 
࡭ଵோ ). Analogically, the SPP waves on cylindrical nanowires with higher modes ݉ ൌ
േ2,േ3,… are similar to the vortex wave of ݈ ൌ േ2,േ3,…. The spiral is right handed 
which was mentioned in the polarization part as ࢇோ,௠. Similarly, the superposition of ݉ ൌ
0 and ݉ ൌ െ1 modes will cause a ݈ ൌ െ1 helical wave (Fig. 3b ࡭ଵ௅). A special case of 
the condition is when the incident polarization is along the wire. Then 
  ࡭௟ୀଵ଴ ሺ࢘, ݐሻ ൌ ࡭଴݁௜൫௞೥,బ௭ିఠ௧൯ ൅ ࡭ାଵ sinሺ∅ሻ ݁௜൫௞೥,శభ௭ିఠ௧൯ 
 ൌ ݁௜൫௞೥,బ௭ିఠ௧൯ሺ࡭଴ ൅ sinሺ∅ሻ ࡭ାଵ݁௜∆௞௭ሻ  (65) 
which shows only a beat in ∅ ൌ ߨ/2	 side of the wire (Fig. 3b ࡭ଵ଴). 
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Fig. 3. (a) Schematic illustration of the superposed ݉ ൌ 0	mode and ݉ ൐ 0 modes, 
which is similar to the vortex waves with ݈ ൌ 1,2,3. The red lines represent the 
maximum of the beats waves; the lighter lines indicate the beats behind the wire and the 
darker ones indicate the beats on the reader’s side. (b) The scheme of electric field 
distributions on plasmonic cylindrical nanowires excited by focused light one left 
terminals with polarization in	൅45°(A௅), െ45°(Aோ) and 0°(A଴) directions to ݖ axis.  
 
With the vector potential one can directly achieve the following results in Fock states.   
H௅|݊ۧ௠ ൌ ∑ ࣕොఈ԰߱௠൫ࢇ௠,௔ற ࢇ௠,௔ ൅ 1 2⁄ ൯|݊ۧ௠௠ୀ଴,ିଵ௔ ൌ ∑ ԰߱௠ሺ݊௠ ൅ 1 2⁄ ሻ௠ୀ଴,ିଵ  (66) 
Hோ|݊ۧ௠ ൌ ∑ ࣕොఈ԰߱௠൫ࢇ௠,௔ற ࢇ௠,௔ ൅ 1 2⁄ ൯|݊ۧ௠௠ୀ଴,ାଵ௔ ൌ ∑ ԰߱௠ሺ݊௠ ൅ 1 2⁄ ሻ௠ୀ଴,ାଵ  (67) 
 ࢖ࡸ|݊ۧ௠ ൌ ௛ସగ ∑ ࢑௠ሾࢇ௠ࢇ௠ற ൅ ࢇ௠ற ࢇ௠ሿ|݊ۧ௠࢓ୀ૙,ି૚ ൌ ∑ ԰࢑௠݊௠௠ୀ଴,ିଵ  (68) 
 ࢖ࡾ|݊ۧ௠ ൌ ௛ସగ ∑ ࢑௠ሾࢇ௠ࢇ௠ற ൅ ࢇ௠ற ࢇ௠ሿ|݊ۧ௠࢓ୀ૙,ା૚ ൌ ∑ ԰࢑௠݊௠௠ୀ଴,ାଵ  (69) 
 ܮ௭௅|݊ۧ௠ ൌ ࡸ|௡ۧ೘∙࢑೥|࢑೥| ൌ ݅԰∑ ݉௠ୀ଴,ିଵ ∗ ݊௠ ൌ െ݊ିଵ ∗ ݅԰ (70) 
 ܮ௭ோ|݊ۧ௠ ൌ ࡸ|௡ۧ೘∙࢑೥|࢑೥| ൌ ݅԰∑ ݉௠ୀ଴,ାଵ ∗ ݊௠ ൌ ݊ାଵ ∗ ݅԰ (71) 
 ܁௅|݊ۧ௠ ൌ ∑ ԰࢑෡௠,ఈሺ࢔௠,௅,ఈ െ ࢔௠,ோ,ఈሻ௠ୀ଴,ିଵ,௔  (72) 
 ܁ோ|݊ۧ௠ ൌ ∑ ԰࢑෡௠,ఈሺ࢔௠,௅,ఈ െ ࢔௠,ோ,ఈሻ௠ୀ଴,ାଵ,௔  (73) 
Similarly, when the nanowire is excited by right circularly polarization (RCP) light, the 
electric field components of RCP (ܧ௭ ൌ ܧ଴, ܧ௫ ൌ ܧ଴݁௜∗
ഏ
మ  ) illuminate on the nanowire, 
resulting in an analogous form of the vector potential. 
࡭ோ஼௉ሺ࢘, ݐሻ  
ൌ ࡭଴݁௜൫௞೥,బ௭ିఠ௧൯ ൅ ࡭ାଵ cosሺ∅ሻ ݁௜൫௞೥,శభ௭ିఠ௧൯݁௜∗
ഏ
మ ൅ ࡭ାଵ cos ቀ∅ െ గଶቁ ݁
௜ቀ௞೥,శభ௭ିఠ௧ାഏమቁ  
ൌ ࡭଴݁௜൫௞೥,బ௭ିఠ௧൯ ൅ ݅ ∗ ࡭ାଵ cosሺ∅ሻ ݁௜൫௞೥,శభ௭ିఠ௧൯ ൅ ݅ ∗ ࡭ାଵ sinሺ∅ሻ ݁௜൫௞೥,శభ௭ିఠ௧൯  
ൌ ࡭଴݁௜൫௞∥,బ௭ିఠ௧൯ ൅ ݅ ∗ ࡭ାଵሺcosሺ∅ሻ ൅ sinሺ∅ሻሻ݁௜൫௞೥,శభ௭ିఠ௧൯ (74) 
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The term cosሺ∅ሻ ൅ sinሺ∅ሻ reflects the oblique distribution of the SPPs excited by the 
circularly polarization light are on the ∅ ൌ ൅ߨ/4 side, which is shown in Fig. 4. For 
symmetry, the over complete base of m can be used to describe the vector potential. 
	࡭ோ஼௉ሺ࢘, ݐሻ ൌ ࡭଴݁௜൫௞೥,బ௭ିఠ௧൯ ൅ 12 ቀሺ݅ ൅ 1ሻ࡭ାଵ݁
௜∅ ൅ ࡭ାଵሺi െ 1ሻ݁ି௜∅ቁ ݁௜൫௞೥,శభ௭ିఠ௧൯ 
ൌ ࡭଴݁௜ሺ௞೥,బ௭ିఠ௧ሻ ൅ ଵଶ ሺሺ݅ ൅ 1ሻ࡭ାଵ݁௜∅ െ ࡭ିଵሺi െ 1ሻ݁ି௜∅ሻ݁௜൫௞೥,శభ௭ିఠ௧൯ (75) 
 
Fig. 4. The scheme of electric field distributions on plasmonic cylindrical nanowires 
excited by focused LCP(A௅஼௉) and RCP(Aோ஼௉) light on left ends. The insets show the 
cross section at the wires indicated at position i and ii.  
 
From the expression one can see that the pattern should be the superpostion of the two 
helical modes ݉ ൌ ൅1	and	݉ ൌ െ1. It is also consistant with the fact that the circularly 
polarized light can be decomposed with two orthorgnal linearly polarized light for the 
exciting light.  
For left circularly polarized (LCP) light exciation on one end, similarly we have  
࡭௅஼௉ሺ࢘, ݐሻ ൌ ࡭଴݁௜ሺ௞೥,బ௭ିఠ௧ሻ ൅ ࡭ାଵ cosሺ∅ሻ ݁௜൫௞೥,శభ௭ିఠ௧൯݁ି௜∗
ഏ
మ ൅ ࡭ାଵ cos ቀ∅ െ
గ
ଶቁ ݁௜ቀ௞೥,శభ௭ିఠ௧ା
ഏ
మቁ ൌ ࡭଴݁௜൫௞೥,బ௭ିఠ௧൯ െ ݅ ∗ ࡭ାଵሺcosሺ∅ሻ െ sinሺ∅ሻሻ݁௜൫௞೥,శభ௭ିఠ௧൯ (76) 
࡭௅஼௉ሺ࢘, ݐሻ  
ൌ ࡭଴݁௜൫௞೥,బ௭ିఠ௧൯ ൅ ଵଶ ቀሺെ1 ൅ ݅ሻ࡭ାଵ݁௜∅ ൅ ࡭ାଵሺെ1 െ iሻ݁ି௜∅ቁ ݁௜൫௞೥,శభ௭ିఠ௧൯  
ൌ ࡭଴݁௜൫௞೥,బ௭ିఠ௧൯ ൅ ଵଶ ሺሺെ1 ൅ ݅ሻ࡭ାଵ݁௜∅ ൅ ࡭ିଵሺ1 ൅ iሻ݁ି௜∅ሻ݁௜൫௞೥,శభ௭ିఠ௧൯ (77) 
The coefficient shows that the pattern of ࡭௅஼௉ is the beat at the ∅ ൌ െߨ/4 sides (Fig. 
4). And the results in Fock states can be written as following: 
 H௅஼௉|݊ۧ௠ ൌ ∑ ࣕොఈ԰߱௠൫ࢇ௠,ఈற ࢇ௠,ఈ ൅ 1 2⁄ ൯ሾሺ൅ ଵଶሻ|௠||݊ۧ௠ሿ௠ୀ଴,േଵఈ   
 ൌ ∑ ሺ൅ ଵଶሻ|௠|԰߱௠ሺ݊௠ ൅ 1 2⁄ ሻ ൌ ∑ ԰߱௠ሺ݊௠ ൅ 1 2⁄ ሻ௠ୀ଴,ାଵ௠ୀ଴,േଵ  (78) 
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 Hோ஼௉|݊ۧ௠ ൌ ∑ ԰߱௠ሺ݊௠ ൅ 1 2⁄ ሻ௠ୀ଴,ାଵ  (79) 
 
 ࢖௅஼௉|݊ۧ௠ ൌ ௛ସగ ∑ ࢑௠ൣࢇ௠ࢇ௠ற ൅ ࢇ௠ற ࢇ௠൧ ൤ቀ൅
ଵ
ଶቁ
|௠| |݊ۧ௠൨௠ୀ଴,േଵ   
 ൌ ∑ ሺ൅ ଵଶሻ|௠|԰ܿ࢑௠݊௠௠ୀ଴,േଵ ൌ ∑ ԰࢑௠݊௠௠ୀ଴,ାଵ  (80) 
 ࢖ோ஼௉|݊ۧ௠ ൌ ∑ ԰࢑௠݊௠௠ୀ଴,ାଵ  (81) 
 
 ܮ௭௅஼௉|݊ۧ௠ ൌ ࡸ|௡ۧ೘∙࢑೥|࢑೥| ൌ ݄݅ ∑ ݉௠ୀ଴,േଵ ∗ ࢔ෝ௠ሾቀ൅
ଵ
ଶቁ
|௠| |݊ۧ௠ሿ ൌ 0 (82) 
 ܮ௭ோ஼௉|݊ۧ௠ ൌ ࡸ|௡ۧ೘∙࢑೥|࢑೥| ൌ ݄݅ ∑ ݉௠ୀ଴,േଵ ∗ ࢔ෝ௠ሾሺ൅
ଵ
ଶሻ|௠||݊ۧ௠ሿ ൌ 0 (83) 
 ܁௅஼௉|݊ۧ௠ ൌ ∑ ԰࢑෡௠,ఈ൫࢔௠,௅,ఈ െ ࢔௠,ோ,ఈ൯ሾቀ൅ ଵଶቁ
|௠| |݊ۧ௠ሿ௠ୀ଴,േଵ,ఈ  (84) 
 ܁ோ஼௉|݊ۧ௠ ൌ ∑ ԰࢑෡௠,ఈ൫࢔௠,௅,ఈ െ ࢔௠,ோ,ఈ൯ሾሺ൅ ଵଶሻ|௠|௠ୀ଴,േଵ,ఈ |݊ۧ௠ሿ  (85) 
From the expression one can find out that the orbital angular momentum of SPPs on 
nanowire is zero under circularly polarized light excitation. 
 
5. Discussion 
During the above process, the electromagnetic modes of the plasmonic cylindrical wire are 
deduced and quantized, which is consistent with the quantized charge density wave on wire 
with hydrodynamic method[41, 50] due to all of the charge responses in optics are included 
in permittivity of the material. One can see that the spin of SPPs on the wire contains both 
transverse component, which agrees with the conclusion of SPPs on plane surface[47, 51-53]. 
The longitudinal components may be from the curvature boundary of the wire[54]. The 
higher modes also carry orbital angular momentum which is very similar with the vortex 
wave. Along the wire, the orbital angular momentum quantum number can be 0,േ1,േ2,…. 
Experimentally, it can be verified by putting the nanowire in homogeneous medium and 
the helix can be shown with quantum dots[16]. The momentum can be observed by using 
leakage Fourier transform microscope[55]. The spin-based effects also have an 
unprecedented potential to control light and its polarization, thereby promoting the research 
of optical chirality. The spin angular momentum and the orbital angular momentum will 
have coupling[47] and cause some other effects on the nanowire waveguide. In the 
experiment, the wires are sure with limited length. If the wire is not very long, the SPPs 
will be reflected by the other end and form standing wave, which is like a Fabry–Pérot 
cavity[7]. When it interacts with other systems like atoms or quantum dots, some hyperfine 
phenomenon may be expected[56, 57]. In the above calculations, the dissipation of the 
nanowire material is ignored. However, if the imaginary part of the permittivity is 
considered (lossy medium), the commutation relation for canonical coordinate and 
momentum is not available any more, and the commutation relation for the creation and 
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annihilation operators will have a decay coefficient. When the decay term is absorbed in 
the operators, all of the quantities will include the decay effect, and the ground state energy 
is also decaying because of the damping.  
 
6. Conclusion  
In this work, the electromagnetic modes on plasmonic cylinder waveguide are quantized. 
The orbital and spin angular momentum is studied and it can be seen that similar to the 
vortex waves, the plasmon modes on cylinder nanowires carry both orbital angular 
momentum and spin angular momentum. The results may be helpful for the future quantum 
information applications. 
 
Appendix A: The electromagnetic fields of wire 
The electric and magnetic fields satisfy the vector Helmholtz equations 
׏ଶ ቄࡱࡴቅ െ ߤߝ
߲ଶ
߲ݐଶ ቄ
ࡱ
ࡴቅ ൌ 0 ሺA1ሻ 
 
The vector wavefunctions can be generated from the scalar solutions, which are   
ψ௜ ൌ ܨ௜,௠ሺ݇௜ୄߩሻ݁௜௠థା௜௞∥௭ ሺܣ2ሻ 
 
Where ܨଵሺ݇௜ୄߩሻ ൌ ܪ௠ሺ݇ଵୄߩሻ  and ܨଶሺ݇௜ୄߩሻ ൌ ܬ௠ሺ݇ଶୄߩሻ , representing outside and 
inside the cylinder respectively. ݇௜ୄ ൌ ට݇௜ଶ െ ݇∥ଶ is the vertical component of the wave 
vector. Two sets of solutions of the vector Helmholtz equations are given by 
ܞ௜ ൌ 1݇௜ ׏ ൈ ሺ̂ݖ߰௜ሻ ሺܣ3ሻ 
 
ܟ௜ ൌ 1݇௜ ׏ ൈ ܞ௜ ሺܣ4ሻ 
 
Where ̂ݖ is a unit vector in the ݖ direction. 
Then the curl relations of Maxwell’s equations require ࡱ and ࡴ have the following form 
 
ࡱሺ࢘ሻ ൌ ܽ௜ܞ௜ሺ࢘ሻ ൅ ܾ௜ܟ௜ሺ࢘ሻ 
ൌ
ە
ۖۖ
۔
ۖۖ
ۓቈ ݅݉
௝݇,௠ߩ ௝ܽ,௠ܨ௝,௠൫ ௝݇,௠ୄߩ൯ ൅
݅݇∥,௠ ௝݇,௠ୄ
௝݇,௠ଶ
௝ܾ,௠ܨ௝,௠ᇱ ൫ ௝݇,௠ୄߩ൯቉ ߩො
൅ ቈെ ௝݇ୄ
௝݇ ௝ܽ,௠
ܨ௝,௠ᇱ ൫ ௝݇,௠ୄߩ൯ െ ݉݇∥
௝݇ଶߩ ௝ܾ,௠ܨ௝,௠൫ ௝݇,௠ୄߩ൯቉ ∅
෡
൅ ௝݇,௠ୄ
ଶ
௝݇,௠ଶ
௝ܾ,௠ܨ௝,௠൫ ௝݇,௠ୄߩ൯̂ݖ ۙ
ۖۖ
ۘ
ۖۖ
ۗ
݁௜൫௠∅ା௞∥,೘௭൯ ሺܣ5ሻ 
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ࡴ௜ሺ࢘ሻ ൌ െ ݅߱ߤ଴ ݇௜ሾܽ௜ܞ௜ሺ࢘ሻ ൅ ܾ௜ܟ௜ሺ࢘ሻሿ 
ൌ െ݅ ௝݇,௠߱ߤ଴
ە
ۖۖ
۔
ۖۖ
ۓቈ݅݇∥,௠ ௝݇,௠ୄ
௝݇,௠ଶ
௝ܽ,௠ܨ௝,௠ᇱ ൫ ௝݇,௠ୄߩ൯ ൅ ݅݉௝݇,௠ߩ ௝ܾ,௠ܨ௝,௠൫ ௝݇,௠ୄߩ൯቉ ߩො
൅ ቈെ݉݇∥
௝݇ଶߩ ௝ܽ,௠ܨ௝,௠൫ ௝݇,௠ୄߩ൯ െ
௝݇ୄ
௝݇ ௝ܾ,௠
ܨ௝,௠ᇱ ൫ ௝݇,௠ୄߩ൯቉ ∅෡
൅ ௝݇,௠ୄ
ଶ
௝݇,௠ଶ
௝ܾ,௠ܨ௝,௠൫ ௝݇,௠ୄߩ൯̂ݖ ۙ
ۖۖ
ۘ
ۖۖ
ۗ
݁௜൫௠∅ା௞∥,೘௭൯
																																																																																																																																																	ሺܣ6ሻ
 
 
where ܽ௜ and ܾ௜ are constant coefficients. 
 
Appendix B: Angular momentum 
This section aims to show the details in the derivation of orbital and spin angular 
momentum ࡶ ൌ ଵସగ௖ ׬ ݀ଷ࢘	࢘ ൈ ሺࡱ ൈ ࡮ሻ ൌ
ଵ
ସగ௖ ׬ ݀ଷ࢘ሾܧఈሺ࢘ ൈ ࢺሻܣఈ ൅ ࡱ ൈ ࡭ሿ. 
 
a) The derivation of orbital angular momentum ࡸ 
The first term of the right side of ࡶ is the orbital part. The orbital angular momentum density 
is  
࢒ఈ ൌ ሺ࢘ ൈ ࢺሻܣఈ ൌ
ۉ
ۈ
ۇ
െ ௭ఘ
డ࡭ഐ
డ∅ 	࣋ෝ
ሺݖ డ࡭ഐడఘ െ ߩ
డ࡭ഐ
డ௭ ሻ∅෡
డ࡭ഐ
డ∅ 	ࢠො ی
ۋ
ۊ
+
ۉ
ۈ
ۇ
െ ௭ఘ
డ࡭∅
డ∅ 	࣋ෝ
ሺݖ డ࡭∅డఘ െ ߩ
డ࡭∅
డ௭ ሻ∅෡
డ࡭∅
డ∅ 	ࢠො ی
ۋ
ۊ
+
ۉ
ۈ
ۇ
െ ௭ఘ
డ࡭೥
డ∅ 	࣋ෝ
ሺݖ డ࡭೥డఘ െ ߩ
డ࡭೥
డ௭ ሻ∅෡
డ࡭೥
డ∅ 	ࢠො ی
ۋ
ۊ
 
ൌ ݅ඨ2ߨܿ
ଶ԰
ܸ ෍̂ݎఈ ∙௠
൮
െ ݖߩ݉
െߩ݇௭,௠݉
൲ ൣࢇ௠ఈ݁௜࢑∥,೘࢘ െ ࢇ௠ఈற ݁ି௜࢑∥,೘࢘൧ ሺB1ሻ 
 
Combining with the corresponding electric field component, the orbital angular momentum 
is 
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ࡸ ൌ 14ߨܿනࢊ
૜࢘ܧఈ݈ఈ ൌ ݅԰2ܸ ෍
߱௠
ඥ߱௠߱௠ᇲ
ࣕොఈ ∙ ࣕොఈᇲ න݀ଷ࢘ቌ
െ ݖܴ݉
െܴ݇௭,௠݉
ቍ
௠,௠ᇲ,ఈ,ఈᇲ
 
ൣࢇ௠ఈ݁௜࢑∥,೘࢘ െ ࢇ௠ఈற ݁ି௜࢑∥,೘࢘൧ൣࢇ௠ᇲఈᇲ݁௜࢑∥,೘ᇲ࢘ െ ࢇ௠ᇲఈᇲற ݁ି௜࢑∥,೘ᇲ࢘൧ ሺܤ2ሻ 
We can integrate different component over space: 
Iఘ ൌ න݀ଷݎ ቀെ ݖܴ݉݁
௜࢑∥,೘ᇲ࢘݁௜࢑∥,೘࢘ቁ ൌ ݅ ߲߲݇௭ ܸߜ௠,୫ᇲ ሺܤ3ሻ 
 
The ߩ component of OAM ࡸ should be zero. 
I∅ ൌ න݀ଷݎ൫െܴ݇௭,௠݁௜࢑∥,೘ᇲ࢘݁௜࢑∥,೘࢘൯ ൌ െܴ݇௭,௠ܸߜ௠,୫ᇲ ሺܤ4ሻ 
I௭ ൌ න݀ଷݎ൫݉݁௜࢑∥,೘ᇲ࢘݁௜࢑∥,೘࢘൯ ൌ ܸ݉ߜ௠,୫ᇲ ሺܤ5ሻ 
 
ࡸ ൌ ݅԰2 ෍࢒௠,ఈ൫ࢇ௠,ఈࢇ௠,ఈ
ற ൅ ࢇ௠,ఈற ࢇ௠,ఈ൯
௠,ఈ
ൌ෍݅԰࢒௠࢔ෝ௠
௠
ሺܤ6ሻ 
 
Where ࢒௠ ൌ ൭
0
െܴ݇௭,௠݉
൱. 
 
b) The derivation of commutation relation of ࡿ 
ൣሺࡿ௜ሻ൫ࡿ௝൯൧௟௡ ൌ ሺࡿ௜ሻ௟௠൫ࡿ௝൯௠௡ ൌ ሺെ݅԰ሻଶߝ௜௟௠ߝ௝௠௡ ൌ ሺെ݅԰ሻଶ൫ߜ௜௡ߜ௟௝ െ ߜ௜௝ߜ௟௡൯ ሺܤ7ሻ 
 
ൣ൫ࡿ௝൯ሺࡿ௜ሻ൧௟௡ ൌ ൫ࡿ௝൯௟௠ሺࡿ௜ሻ௠௡ ൌ ሺെ݅԰ሻଶߝ௝௟௠ߝ௜௠௡ ൌ ሺെ݅԰ሻଶ൫ߜ௝௡ߜ௟௜ െ ߜ௝௜ߜ௟௡൯ ሺܤ8ሻ 
 
Subtraction of two formulas 
ൣሺࡿ௜ሻ൫ࡿ௝൯ െ ൫ࡿ௝൯ሺࡿ௜ሻ൧௟௡ ൌ ሺെ݅԰ሻଶ൫ߜ௜௡ߜ௟௝ െ ߜ௝௡ߜ௟௜൯ ሺܤ9ሻ 
 
The difference of deltas can be replaced by the product of ߝ’s 
ൣሺࡿ௜ሻ൫ࡿ௝൯ െ ൫ࡿ௝൯ሺࡿ௜ሻ൧௟௡ ൌ ሺെ݅԰ሻଶ൫െߝ௜௝௞൯ߝ௟௡௞
ൌ ൫݅԰ߝ௜௝௞൯ሾെ݅԰ߝ௞௟௡ሿ ൌ ݅԰ߝ௜௝௞ሺࡿ௞ሻ௟௡ ሺܤ10ሻ
 
 
Then the operator ௜ܵ do satisfy the commutation relation: 
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ൣሺࡿ௜ሻ, ൫ࡿ௝൯൧ ൌ ݅԰ߝ௜௝௞ሺࡿ௞ሻ ሺܤ11ሻ. 
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